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2 Appendix : Notes Concerning Matrices and Linear Algebra

0. Introduction

The practical use of numerical methods is based on matrix algebra and on the use of the
digital computer. It isonly in matrix form that the complete solution process can be expressed
in an elegant yet compact manner. The objective of this appendix isto present a brief overview
of the fundamentals of matrices and linear algebra which are required for an understanding of
solution procedures associated with numerical methods. Further details concerning matrices
and linear algebra can be found in any of a number of standard books on the subject [1-3].

* Definition : A matrix is a rectangular or linear assemblage of numbers or variables
arranged in rows and in columns. The numbers or variables comprising a
matrix are called elements or entries of the matrix. The elements may be real or
they may be complex.

* Notation : A matrix will be denoted by an uppercase Latin letter either as [A], A or,
when written on a medium not supporting bold characters, as A.

* Notation : An element of a matrix will be denoted by a lowercase Latin letter with two
subscripts; e.g., the elements of A are denoted by a;, where i represents the

row number and j the column number.

* Notation : On occasion it is desirable to show the size of a matrix along side its symbol.
Thus to explicitly indicate the dimensions of the (m x n) matrix A, we write

A(mxn)’ [A](mxn) or A

~ (mxn)

 Definition : An n-vector is a collection of n real or complex numbers v,,v,,---, v,
arranged in a column; e.g.,

« Notation : Vectors will be denoted by lowercase Latin symbols as {v}, v, or when
written on a medium not supporting bold characters, as v.
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Appendix : Notes Concerning Matrices and Linear Algebra 3

1. Special Matrices

e Definition : Column Vectors

e Definition

e Definition

e Definition

The (mx 1) matrix ¢ which hasthe form

(]
I

OOoOoO4an
HO0000
MOOOOOor

Since no distinction is made between (m x 1) matrices and m-vectors, such a
matrix is caled an m-dimensional column vector. Like general vectors, column

vectors will be denoted by lowercase Latin symbolsas {c}, ¢, or c.

. Row Vectors

The (1 x n) matrix r hastheform r:<rll o, oo oo r1n>

Such amatrix is called an n-dimensional row vector. Like general vectors, row
vectors will be denoted by lowercase Latin symbolsas (r), r, or r.

. Square Matrices

An (mx n) matrix A issquareif m=n.

. Diagonal / Superdiagonal / Subdiagonal

Let A bean (mx n) matrix and let k = min (m, n).
Thedements g, (i=1,2,...., k) aresaidto lie on the diagonal of A.
Theelements a ;,, are said to lie on the superdiagonal of A .
Theelements a ;_;, aresaid to lie on the subdiagonal of A.

EXAMPLE 1 :

Consider the matrix

55 a a; a, a15%
A=OP 0 0 3 3p
B, B 0 a a0
(] ]
Ry ﬁ o s

The diagonal elements are denoted by J; the superdiagonal elements are denoted by a;
and, the subdiagonal elements are denoted by S.
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4 Appendix : Notes Concerning Matrices and Linear Algebra

» Definition : Diagonal Matrices
A sguare matrix isdiagonal if its only nonzero elements lie on the diagonal.

EXAMPLE 2 :
An example of adiagona matrix is given below
@ 0 0 0g

O O
0O a, 0 O ]
A= 00 02 a, O S: d|ag(an ay 8 a44)

H o o a.f

If al the nonzero diagonal elementsequal to 1, A =1 = the identity matrix.
.
e Definition : Upper Trapezoidal Matrices
An (mx n) matrix A isupper trapezoidal if & =0fori>j.
e Definition : Lower Trapezoidal Matrices
An (mxn) matrix A islower trapezoidal if g =0fori<j .
EXAMPLE 3 :
|311 alZ a13 ai4|:|
The matrix A= BO a,, 8y 3248 IS upper trapezoidal .
H 0 & a,QH
.

* Definition : Upper (Lower) Triangular Matrices
A square upper (lower) trapezoidal matrix is said to be upper (lower)
triangular. Some special kinds of triangular matrices: If T is upper (lower)
triangular with zero diagonal elements, then T is said to be strictly upper

(lower) triangular. If the diagona elementsof T are unity, then T issaid to be
unit upper (lower) triangular.
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EXAMPLE 4 :

a, 0 00

Thematrix L = %21 l,, OE islower triangular.
@31 |32 |33§
M 0 0 0g

j t, 0 0 05 .

Thematrix T = U isstrictly lower triangular.

i, t, O 00
O
%41 t, 1 00O
A u, U %4%
1 u, u

Thematrix U = %) 2 "#0 jsunit upper triangular.
@ 0 1 wu,O
0 o o 1H

Remark : From the above it follows that a matrix is diagonal if and only if it is both upper
and lower triangular.

Remark : Theidentity matrix is both unit upper and unit lower triangular.

e Definition : Hessenberg Matrices
A square matrix H isupper Hessenbergif i>j+1 0 h; =0; Itislower

Hessenbergif i<j-1 O h; =0.

EXAMPLE 5 :

, h, 0 0 0(

f hy By 00
Thematrix H=0n, h, h, h, 00 is(5xD5)Ilower Hessenberg.
U

11 h42 h43 h44 h455
B h, hy hy hH
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* Definition : Band Matrices ; Bandwidth
Consider asquarematrix A. If [i—j|>k O a; =0, then A iscalled aband

matrix. The bandwidth for a matrix of this typeisequal to 2k +1. The half-
bandwidth isequal to k +1.

EXAMPLE 6 :

Consider the square matrix A =

oo Pr g NP

oON O DWW

© P NP P O

N AR N OO
8

[FHELETE LN

From row 3 (i.e., i =3) itisevident that a; =0 for j>5 and j<1, implying that
li=j|=]3-5/=2 or [i-j|=]|3-1|=2. Consequently, k=2, and the bandwidth is
equa to 2(2) +1=5.

Remark : for k = 0, 1, 2 A isreferred to as being diagonal, tridiagonal, and
pentadiagonal, respectively.

EXAMPLE 7 :

A tridiagonal matrix has its non-zero elements arranged in aband along the diagonal, with a
bandwidth equal to 3. For example,

0g

0
05
oQ
0
15
4

>

I
B IGHME
or b ProO
NP OO

O O rr PP

Remark : If it is both upper and lower Hessenberg, a square matrix is tridiagonal.
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e Definition : Symmetric Matrices
A squarematrix A of order nissymmetricif a; =a; ; i,j=12,---,n.

Remark : Thetridiagonal matrix shown in EXAMPLE 7 is symmetric.

» Definition : Strictly Diagonally Dominant Matrices
An (nx n) matrix A issaid to be strictly diagonally dominant if

|aii|>.2‘aij‘

i=Lj#i
holdsforeachi =12, ---,n.

NOTE: An (nx n) matrix A issaid to be diagonally dominant if

|aii|2.z‘aij‘

=L #i

holdsforeachi =12,---,n.

e Definition : Positive Definite Matrices
A symmetric (n x n) matrix A is called positive definite if the relation
x"Ax >0 holdsfor every n-dimensional vector x.

NOTE: aweaker caseiswhen x'Ax = 0 holds for every n-dimensional vector x. In
this case is said to be positive semi-definite.
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2. Algebraic Operations on Matrices

e Definition : Equality of Matrices
Two matrices A and B are said to be equal if and only if:
1) Both are of the same size (e.g., mx n); and,
2) g, =h;foreach i=12,---,mand j=12,---,n.

» Definition : Addition of Two Matrices
Two matrices can be added if and only if they have the same dimensions.
Thuslet A and B be (mx n) matrices. Thesumof A and B (i.e, C=A +B)
isthe matrix C whose elements are given by:
G, =gt blj

wherei=12,---,mand j =12,---,n.

The process of matrix addition defined above is easily translated into the
following sequence of FORTRAN statements (note the correspondence

between indices):
subroutine matadd (mn,nr,nc, a, b, c)
*
* add the matrices A and B, placing the sumin C
* nr = nunber of active rows in a matrix
* nc = nunber of active columms in a matrix
*
integer i,j,mn,nc,nr
real a(mn),b(mn),c(mn)
do 200 i =1, nr
do 100_j_:1, nc o
c(i,j) =a(i,j) +b(i,j)
100 conti nue
200 conti nue
return
end

e Theorem : Properties of Matrix Addition
Let A, B and C be(mxn) matrices. Then

« A+B=B+A (commutative property)
* (A+B)+C=A+(B+C) (associative property)
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Appendix : Notes Concerning Matrices and Linear Algebra 9

e Definition : Multiplication of Matrices by Scalars
Let A bean (mxn) matrix and let A be areal number (i.e., ascalar).
» The product of A and A iswritten AA.
* The elements of AA are given by /\a,.j, where i=12,---,m and

j=12,---,n;i.e, each element of A ismultiplied by thescalar A.

e Theorem : Scalar Multiplication of Matrices
Let A and B bematricesandlet A and u be real numbers. Then
* (AWA =A(UA)
s A+A=AA+LUA
* A(A+B)=AA+AB
- MA=A
NOTE: matrix subtraction involves the addition of a matrix multiplied by the scalar
(-2); i.e,
A-B=A+(-1)B

e Definition : The Zero Matrix
Any matrix whose elements are al zero is called a zero matrix and is denoted

by the symbol [0], 0 or O.

o for any matrix A:

A+0=A
and

A+(-DA=A+(-A)=0

e Definition : Product of Two Matrices
Let A bean(l xm) matrix and let B be an (mx n) matrix. The product of A
and B isthe (I x n) matrix P; i.e., P =AB. Theelementsof P aregiven by:

B = iaikbkj

where i =1,2,---,1 and j=12,---,n. As evident from the above equation,
matrix multiplication consists of the scalar (dot) product of row vectors in the
pre-multiplier A and column vectorsin the post-multiplier B.

NOTES:
* The product of two matrices is defined only if the matrices are conformable;
I.e., the prefactor matrix (or pre-multiplier) has the same number of columns
as the postfactor matrix (or post-multiplier) has rows.
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10 Appendix : Notes Concerning Matrices and Linear Algebra

* The product of two matrices generalizes the notion of multiplication of two
vectors; i.e., it is the result of forming a matrix whose elements are scalar

(dot) products obtained by multiplying row vectors in the prefactor with
column vectorsin the postfactor .

EXAMPLE 8 :

Let A bea(2x 3) matrix and let B be a(3 x 3) matrix. Their product is then given by

P, = A,Bays
U]
@y A, ag P B bl3m
"Ry, a, a2 D=0
. by, b

where
Py = ayby, +a,b, +a;b;
P, = ayby, +a,b, +agbs,
Pis = b5 +a,b,s +a;hy,
Py = 8yby; + 3,0, +ayshy
P, = 8y, +ay,by, +ayb;,
Pos = 805 + 8055 + 8550y,

The process of matrix multiplication defined by

C”_:Zlajqu_ : i:l’21...’|;j:l’2’...,n

is easily translated into the following sequence of FORTRAN 77
statements (note the correspondence between indices):

subroutine matrmul (I, mn,nr,nc,nrc,a,b,c)

conpute the matrix product of A and B, storing the result in C
nr = nunber of rows active in [(

nc = nunber of colums active in [

nrc = nunber of active rows in [B] or colums in [A

* % ok X X %

integer i,j,k,I,mn,nc,nr,nrc
real a(l,m, b(mn), c(l,n)

do 300 i=1,nr
do 200 j=1,nc
c(i,j) =0.0
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Appendix : Notes Concerning Matrices and Linear Algebra 11

do 100 k=1, nrc
c(i,j) =c(i,j) +a(i,k)*b(k,j)
100 conti nue
200 conti nue
300 conti nue
return
end

e Theorem : Properties Associated with Multiplication of Matrices
Let A, Band C bematricesand let A bearea number. Then
* (AB)C=A(BC)
s ABxC)=AB+AC
* (A+tB)C=ACxBC
* A(AB) =(AA)B =A(AB)

NOTES:
* In general, matrix multiplication is not commutative; i.e., evenif A and B
have conformable dimensions, AB # BA.

EXAMPLE 9 :

2 1g _ 2 5O
Let A = % OHand B= H—l BH It follows that

2 102 50 3 130

AB=0 o1 s B 20

and
2 512 10 @24 20

A0 o o Ho -1f

EXAMPLE 10 :

Consider the following matrix product:

d1ml 1pg_ 0 OO

4 a1 5 B off

This shows that it is possible for the product of two non-zero matrices to be zero. From
thisresult it follows that if AX =AY with A # 0, we cannot conclude that X =Y. That
is, the cancellation law for real numbers does not extend to matrices.

¢
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12 Appendix : Notes Concerning Matrices and Linear Algebra

» Theorem : Pre- or Post- Multiplication of Matrices by the Identity Matrix
Let A be an (m x n) matrix, and let |1 be the identity matrix. Then
A=Al =A.

NOTE: Powers of Matrices.
Let A beasquare matrix and let n be a positive integer. Then

A"=AA.-.... A : i.e,nfactors

Having defined the process of matrix multiplication, it follows that the set of linear
equations:
X+ 8, X, tagXs = by
Byn%, + 85X, + 8% = b,
81X, + 8gyX, + BgaXg = b,

can be written in the more compact form Ax =b, where

0 [l il
_Eall 312 a13D _%b(llj _ébl;m
A—%ﬂ &, axp X=De0 b=m0

B 8, asB kO O

Furthermore, matrix multiplication, when applied to two systems of linear equations,
greatly smplifies manipulations associated with their solution. For example, given one system
of linear equations which express several x variablesintermsof y variables, i.e.,

Yy T apY, =%
a21y1 + a22y2 = X2
aSlyl + aSZyZ = X3

and asecond set of linear equations which express y variablesin termsof z variables:
Y1 =Cug +Cp7
Yo =Cu24 *+Cy7
In matrix form it follows that

Az Yxy = Xex
and

Yiaxny = Claxz) Ziaxy

To obtain new equations which express the x variables in terms of the z variables,
simply substitute the second equation above into thefirst, giving
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Ao Yoy = AexaCex2 Zaxa = Xax)
Or upon expansion

[
[y, alzlﬂ:ll C, %,

0
%21 2 0=
@, aﬁ?ﬂ Cy O
1

FF R
o

* Theorem : Products of Special Matrices

13

The product of a diagonal matrix and a diagonal (trapezoidal, Hessenberg,
tridiagonal) matrix is diagonal (trapezoidal, Hessenberg, tridiagonal). The
product of two upper (lower) trapezoidal matrices is upper (lower)

trapezoidal.
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14 Appendix : Notes Concerning Matrices and Linear Algebra

3. Matrix Operations

» Definition : Matrix Transposition
Let A bean (mx n) matrix. Thetranspose of A, denoted by A", is the (m x
n) matrix obtained by writing the rows of A as the columns of A" and the
columnsof A astherowsof AT;ie, a =a;.

EXAMPLE 11 :
050
0,0

The transpose of a column vector isarow vector. Thus, the transpose of b = 2 [Jis
0o O
00
568

b'={5 12 0 -6}.

EXAMPLE 12 :

The transpose of a matrix is obtained by simply interchanging its rows and columns; e.g.,

3 15

B 2 5 -50 Bzozg
A=d 03 25; AT=0 0
@2605 05 3 60
Hs 2 o

e Comment : A matrix is symmetric if and only if it is equal to its transpose; i.e., if
A=ATor g =a, .
«Comment : If AT=-A;ie, if a =-a;, thematrix issaid to be skew-symmetric

(or anti-symmetric). In a skew-symmetric matrix all the diagonal elements are
equal to zero.

* Theorem : Operations Associated with Matrix Transposition
Let A, B and C bematricesand let A be areal number. Then

(A7) =
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Appendix : Notes Concerning Matrices and Linear Algebra 15

(A+B) =AT+B’
(AA)" = AT
(ABC)" =C'B'AT

NOTE: the fourth relation above holds for any number of matrices.

EXAMPLE 13 :

For any matrix A, the matrices AA" and ATA are defined and are symmetric. To prove
this assertion, first note that the matrix sizes are conformable for multiplication; i.e., the

number of columnsin A is, by definition, equal to the number of rowsin A", and the

number of columnsin AT is equal to the number of rows in A. Next consider the
following manipulations:

(A"A) =AT(AT) =A"A  QED

.
EXAMPLE 14 :
Let x and y be n-dimensional vectors. Then the product x'y isascalar whose valueis
X'y =Y xy,
Thisscalar is called theinner product of x and y.
+

e Definition : Decomposition of an Unsymmetric Matrix (Euclidean decomposition of a second-
rank tensor)

Let D be asquare unsymmetric matrix. It may be decomposed into symmetric
and skew-symmetric parts; viz.,

D =%(D+ DT)+%(D— D')

or

d; :%(dij +dji)+%(dij _dji)

To show that the matrix sum %(D + DT) IS symmetric, note that

T _1 T 1 T
Go+0E =507 0 =340 e
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To show that the matrix difference %(D - DT) is skew-symmetric, note that

5005 -3 -0)=-30-0)  om

(o
EXAMPLE 15 :
2 1 30
Decomposethe matrix A = S— 2 SBlnto a symmetric and a skew-symmetric part.
B3 0 13
* Symmetric part:
1 1El]2 1 30 -1 3@ 2 0 30
= T\ = 2O 5L+ O— O
S(a+aT)=2E 2 55 @ 2 oP=0 2 257
M3 0 15 B 5 1 BB 25 1

» Skew-symmetric part:

1 1El]2 1 32 -13M@ 00 1 00

a-AT)=2H 0 - O 0

2(A A)—Zml 2 50-H 2 0pP=g1 0 257
M3 0 1 B 5 1 HO -25 0f

e Definition : Elementary Row Operations

Many discussions of matrices center around the elementary row operations. These
represent simple operations which can be performed on the rows of amatrix A to yield
anew matrix. The elementary row operations are:

1) multiply arow of A by ascalar m;
2) interchange two rowsin A ; and,
3) add mtimes one row to a second row of A.
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4. Partitioning of Matrices

In certain instances it is advantageous to partition a matrix into submatrices.
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